






It is now possible to find the equation of the line passing 
through the circumference centre and point 1, and, from 
that, to find the angle γ. 

 
Fig. 7 

 

 
Fig.8 

 
 

The ray reflected from point 1 will form an angle with the 
local normal equal to γ. It will cross the circumference at 
point 2. Let’s call d12 the distance between points 1 and 2, 
also adimensionalised. It can be seen that the triangle: 
center-1-2, is isosceles, having two sides that are equal 
(radius). Therefore, also the second incidence angle is 
equal to γ. And so on. That means that, for a given value 
of x1, all subsequent reflections have the same incidence 
and reflection angles, and that the distance between two 
reflection points is the same. 
The distance d12 can be determined after finding point 2. 
This is the intersection between the circumference and the 
line 1-2, whose equation can be found as that of a line 
passing through point 1, known, with a slope equal to the 
tangent of  β1 = π/2 – 2γ. 
We can now look at what happens on a vertical plane, that 
is, how the ray goes down the duct, in the z-axis direction. 

Given the constancy of d12, and the constancy of the 
vertical component of the reflection angle, the height 
decrease for each reflection is also constant and equal to: 

αtan12 ⋅=Δ dz  
To this decrease, the initial one has to be added. In fact, 
the ray strikes the duct for the first time at a height that is 
lower than that of the duct mouth of a quantity that 
depends on the position of the entrance point, 0 (Fig. 8). 
This position can vary between 0min, which corresponds to 
the minimum number of reflections, and 0max, which 
corresponds to the maximum number of reflections (Fig. 
9). 
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Fig. 10   

 
The maximum decrease, Δz0 (Fig. 10), which occurs when 
the ray enters at point 0min, is given by: 
 αtanminmax0 ⋅=Δ −dz  
Therefore, the number of reflections that a ray, entering 
the duct at a given distance, x1 from the y-axis will 
undergo varies between: 
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Where L is the length of the duct. 
The transmission efficiency for a given “strip” can be 
expressed as: 
 in

i ρη =  
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Where ni is the average number of reflection for that strip, 
(nmin + nmax)/2. 
Finally, the global transmission efficiency for given solar 
altitude, α, and duct length, L, will be found as the 
weighted average of the 10 strip efficiency: 

 i
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iwL ηαη ⋅= ∑
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Where the weights are the ratios of the strip’s area to the 
area of the semi-circle. 
 
 
3.  EFFICIENCY CALCULATIONS 
 
The algorithm described above has been applied under the 
following assumptions: 

• reflectance of the internal surface of the duct, ρ, 
equal to 0.95 

• length to radius ratios equal to 2, 4, 6, 8 and 10 
 
TABLE 1:  DUCT TRANSMISSION EFFICIENCY AS 

A FUNCTION OF SOLAR ALTITUDE AND L/r 
 

α L/r = 2 L/r = 4 L/r = 6 L/r = 8 L/r = 10
10 0,725 0,520 0,374 0,269 0,195 
20 0,862 0,733 0,623 0,531 0,452 
30 0,926 0,826 0,746 0,673 0,608 
40 0,955 0,880 0,820 0,765 0,713 
50 0,981 0,930 0,873 0,831 0,791 
60 0,989 0,956 0,926 0,884 0,855 
70 0,989 0,984 0,957 0,941 0,922 
80 0,989 0,989 0,989 0,987 0,978 
90 1,000 1,000 1,000 1,000 1,000 
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Fig. 11 Transmission efficiency as a function of solar 
altitude and duct length 

• solar altitudes variable from 10° to 90°, at 10° 
intervals. 

 
The results are shown in Table 1 and in Fig. 11. 
 
 
4. SOLAR RADIATION IN ATHENS  
 
The global solar radiation data for Athens are shown in 
Table 2. 
 

TABLE 2: EXTRA-TERRESTRIAL (Ho) AND 
GLOBAL (H) SOLAR RADIATION ON HORIZONTAL 

SURFACE [MJ/m2 day] AND THEIR RATIO (Kt) IN 
ATHENS FOR THE AVERAGE DAY OF MONTH 

 
Month Ho H Kt 

Jan 16,04 7,39 0,46 
Feb 21,02 9,46 0,45 
Mar 27,81 13,87 0,50 
Apr 34,79 18,80 0,54 
May 39,43 22,41 0,57 
Jun 41,36 25,32 0,61 
Jul 40,44 24,96 0,62 

Aug 36,68 22,37 0,61 
Sep 30,44 18,35 0,60 
Oct 23,35 12,29 0,53 
Nov 17,32 7,78 0,45 
Dec 14,67 6,31 0,43 

 
 
The latitude for Athens is approximately 38°N. 
The hourly sun position (altitude and azimuth) for this 
latitude has been calculated. 
In order to estimate the diffuse component and the hourly 
fractions the Liu-Jordan method has been used.  
We now have, for every hour of each month the following 
data: 
- Solar altitude, α (as stated before, with circular ducts, 
the azimuth angle does not play any significant role 
- Direct and diffuse radiation intensities [MJ/m2 hour], or 
[W/m2]. 
 
 
5. DIRECT RADIATION EFFICIENCY 
 
The duct transmission efficiency for direct radiation, ηD, 
for a given hour, to which we can associate a solar 
altitude, and for a given value of the ratio L/r, can be 
easily found by interpolating between the values of Table 
1. For a given latitude, ηD = f (L/r, hour, month). 
As an example of this, Table 3 shows the hourly values of 
the direct radiation efficiency for L/r = 4. 
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TABLE 3: DUCT TRANSMISSION EFFICIENCY FOR DIRECT RADIATION FOR L/r = 4 IN ATHENS 
 

hour Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec 
9,5 0,756 0,806 0,861 0,909 0,936 0,942 0,940 0,925 0,882 0,831 0,761 0,732 

10,5 0,872 0,851 0,901 0,943 0,963 0,972 0,968 0,952 0,924 0,870 0,829 0,782 
11,5 0,828 0,871 0,923 0,957 0,983 0,986 0,985 0,969 0,939 0,890 0,840 0,811 
12,5 0,828 0,871 0,923 0,957 0,983 0,986 0,985 0,969 0,939 0,890 0,840 0,811 
13,5 0,872 0,851 0,901 0,943 0,963 0,972 0,968 0,952 0,924 0,889 0,818 0,782 
14,5 0,756 0,806 0,861 0,909 0,936 0,942 0,940 0,925 0,882 0,831 0,761 0,721 
15,5 0,585 0,713 0,795 0,853 0,884 0,896 0,891 0,868 0,827 0,749 0,619 0,551 
16,5 0,178 0,458 0,642 0,765 0,815 0,833 0,828 0,789 0,711 0,547 0,253 0,105 
17,5     0,217 0,554 0,671 0,725 0,704 0,610 0,378       

 
 
The calculations have been limited to the assumed 
opening hours of the facility: 9 AM to 6 PM. 
 
 
6. DIFFUSE RADIATION EFFICIENCY 
 
Once the efficiency as a function of the solar altitude has 
been determined, the diffuse radiation efficiency, ηd, can 
be easily calculated. The axial symmetry of the duct 
allows to split the sky into horizontal “ribbons”, 
comprised between two solar altitudes, α1 and α2. (Fig. 
12). 
 

 
Fig. 12  “Ribbon” of sky between two solar altitudes 
 
 
The diffuse radiation coming from that ribbon can be 
assumed to be equivalent to one single ray with a solar 
altitude, αav, equal to (α1+ α2)/2, and with a 
corresponding transmission efficiency. We can divide the 
sky into ten ribbons, comprised between α1 = 0° and α2 = 
10°, then between α1 = 0 10° and α2 = 20°, and so on. 
Each ribbon will have an average solar altitude equal to 5, 
10, 15 , etc. degrees. The total diffuse radiation 
transmission efficiency of a duct can then be taken as the 
weighted average of the efficiencies of each of the ten 
ribbons, their weights, wj, being the ratio of their area to 
the total sky vault area. It can be easily demonstrated that 
this ratio is given by  senα2 - senα1. (see Table 4). 
 

TABLE 4: WEIGHTS OF SKY ZONES 
 

α1 α2 wj αav, j 
0 10 0,174 5 

10 20 0,168 15 
20 30 0,158 25 
30 40 0,143 35 
40 50 0,123 45 
50 60 0,100 55 
60 70 0,074 65 
70 80 0,045 75 
80 90 0,015 85 
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Thus, contrary to what happens with the direct radiation, 
the diffuse efficiency depends only on the ratio L/r, and 
not on latitude,  hour and month, as shown in Table 5. 
ηd = f(L/r). 
 
TABLE 5: DUCT TRANSMISSION EFFICIENCY FOR 

DIFFUSE RADIATION 
 

L/r ηd 
2 0,822 
4 0,732 
6 0,659 
8 0,598 

10 0,548 
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Table 6: GLOBAL DUCT TRANSMISSION DAILY EFFICIENCY IN ATHENS 
 

L/r Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec 
2 0,86 0,88 0,90 0,91 0,92 0,93 0,93 0,92 0,91 0,89 0,87 0,85 
4 0,77 0,79 0,82 0,85 0,86 0,88 0,88 0,86 0,84 0,80 0,77 0,75
6 0,68 0,71 0,75 0,79 0,81 0,83 0,83 0,81 0,78 0,74 0,69 0,66 
8 0,60 0,65 0,69 0,73 0,77 0,79 0,78 0,76 0,73 0,67 0,64 0,59 

10 0,55 0,59 0,64 0,69 0,75 0,75 0,75 0,72 0,68 0,62 0,56 0,53 
 
 
7. GLOBAL EFFICIENCY AND TRANSMITTED 
FLUX 
 
Once the diffuse and hourly direct radiation efficiencies, 
ηd and ηD, have been calculated, knowing the diffuse and 
direct intensities (hourly values), Id and ID, it is possible to 
calculate the amount of radiation transmitted, hour by 
hour, by the duct. 
The summation of all the radiation transmitted, from 9 
AM to 6 PM, is the global radiation transmitted. 
The ratio of this quantity to the global radiation received, 
in the same period, by the horizontal head of the duct is 
the global duct transmission daily efficiency, η.  
Table 6 shows the global daily efficiencies as a function 
of L/r. 
But the amount of radiation transmitted in a day is not 
sufficient to evaluate the energy saving contribution that 
natural light can provide. 
In fact, it is necessary to compare, hour by hour, the 
luminous flux provided by the ducts with the luminous 
flux that is needed to perform the task foreseen for that 
space. 
In order to do that, we have, on one hand, to convert 
energy to light, or, better, power to luminous flux, and 
then to take into account all the media that light has to 
cross along its path, in addition to the reflections down the 
duct. 
Concerning the first aspect, the luminous flux supplied by 
the sun is estimated assuming an average global luminous 
efficacy, KG, equal to 120 lm/W, derived from the 
literature on the subject [1, 2]. 
For the second aspect, we have assumed that at the bottom 
of the duct there is a perfect diffuser, which spreads the 
light transmitted by the duct to the interior spaces 
following the Lambert’s law. The diffuser is assumed to 
have a light transmission coefficient, τdiff, equal to 0,75. 
The duct is also covered at its top by a transparent cover, 
which does not alter the direction of the transmitted rays, 
and has a light transmission coefficient, τc, equal to 0.80. 
In summary, the luminous flux made available by one 
duct is given by the expression: 
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Where:  A is the area of the duct’s section (πr2) 
 ηD is the duct’s transmission efficiency for 
direct, or beam, radiation 
 ηd is the duct’s transmission efficiency for 
diffuse radiation 
 ID and Id are the hourly direct and diffuse solar 
radiation intensities [W/m2], respectively. 
In addition to that, to take into account the non-uniform 
distribution of the light coming from the ducts, a 
reduction coefficient, ηnu, equal to 0,75 has been 
introduced. 
Table 7 shows the luminous flux provided by a duct with 
a 0,25 m radius, i.e., with an area of its section, A, equal 
to 0,196 m2 under the above mentioned assumptions. 
 
 
8. TRANSMITTED AND REQUIRED LUMINOUS 
FLUX 
 
The final step is the assessment of the contribution that 
the sunducts are able to provide against the amount of 
lighting required. 
All calculations have been made using the monthly 
average daily radiation, This assumption, of course, 
overestimates the daylighting contribution, as it takes all 
radiation to be equally useful, which is obviously wrong. 
The probable excess of light with respect to the desired 
illuminance in clear days is not available in cloudy days, 
as using the average values implies. 
In each of the 13 rooms the required luminous flux is 
obtained by multiplying the desired illuminance (lx or lm/ 
m2) by the working area. The daylighting contribution to 
the this load is calculated assuming perfect dimming, that 
is, that the artificial lighting system be capable of 
reducing or increasing its light output so as to compensate 
exactly the luminous flux coming from the ducts, 
switching off when the daylight is equal or greater than 
the desired level, and providing what is needed to reach it 
when it is not enough. 
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Table 7: Luminous Flux [lm] Provided By One Duct (L/r = 4; r = 0,25 m; ηnu= 0,75; τdiff = 0,75; τc = 0.80) 
 

hour Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec 
9,5 1752 2301 3425 4679 5549 6256 6202 5630 4618 3030 1847 1471

10,5 2608 3094 4391 5758 6644 7431 7392 6828 5844 3987 2611 2117
11,5 2910 3548 4948 6353 7287 8077 8067 7516 6515 4540 3013 2506
12,5 2910 3548 4948 6353 7287 8077 8067 7516 6515 4540 3013 2506
13,5 2608 3094 4391 5758 6644 7431 7392 6828 5844 4046 2591 2117
14,5 1752 2301 3425 4679 5549 6256 6202 5630 4618 3030 1847 1459
15,5 861 1351 2259 3332 4132 4758 4674 4081 3154 1865 969 692
16,5 145 462 1095 1966 2678 3192 3095 2511 1664 746 219 77
17,5     196 766 1331 1739 1619 1091 427       

 
 
Let’s consider, as an example, room A12, the conference 
room, which is windowless. Its floor area is  of about 120 
m2. Assuming a required illuminance of 500 lx, the total 
flux that is necessary is equal to 60000 lm. 
We have foreseen to install 12 sunducts in that room. 
Their height, considering the roof structure and thickness, 
would have an L/r ratio of 4 to 6. Fig. 13 and 14 show the 
required flux (bold line) and the flux provided, hour by 
hour and for each month, by the 12 ducts, for L/r = 4 and 
6, respectively. 
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Fig. 12 Luminous flux required and provided by 12 ducts 
in room A12 (L/r = 4)  
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Fig. 13 Luminous flux required and provided by 12 ducts 
in room A12 (L/r = 6) 

 
The amount of artificial light to be provided would be 
reduced by 29% in December and by 88% in June, with 
L/r = 4, and by 25% and 86%, respectively, with L/r = 6.  
 
 
9. CONCLUSIONS 
 
The method proposed in this paper allows to evaluate the 
amount of light a vertical, cylindrical sunduct can 
provide. 
As expected, the contribution is much higher in summer, 
thanks to the higher values of the solar altitudes, which 
cause higher transmission efficiencies. 
A tilted reflector on the head of the duct, able to reflect 
light non reaching directly the duct, would be very 
beneficial, particularly in winter months and, in general, 
with low solar altitude angles [3, 4]. 
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